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IDENTITIES OF SYMMETRY FOR (h, q)−EXTENSION OF
HIGHER-ORDER EULER POLYNOMIALS
DAE SAN KIM, TAEKYUN KIM, JONG JIN SEO
Abstract. In this paper, we study some symmetric properties of the multiple q−Euler
zeta function. From these properties, we derive several identities of symmetry for the
(h, q)−extension of higher-order Euler polynomials, which is an answer to a part of open
question in [7].
1. Introduction
Let C be the complex number field. We assume that q ∈ C with |q| < 1 and the q−number
is defined by [x]q =
1−qx
1−q . Note that limq→1 [x]q = x. As is well known, the higher-order
Euler polynomials E
(r)
n (x) are defined by the generating function to be
F (r)(x, t) =
(
2
et + 1
)r
ext =
∞∑
n=0
E(r)n (x)
tn
n!
, (see [4], [16]), (1.1)
where |t| < pi.
When x = 0, E
(r)
n = E
(r)
n (0) are called the Euler numbers of order r. Recently, the second
author defined the (h, q)−extension of higher-order Euler polynomials, which is given by the
generating function to be
F (h,r)q (x, t) =[2]
r
q
∞∑
m1,···,mr=0
q
∑
r
j=1(h−j+1)mj (−1)
∑
r
j=1 mje[m1+···+mr+x]qt
=
∞∑
n=0
E(h,r)n,q (x)
tn
n!
, (see [6], [8]),
(1.2)
where h ∈ Z and r ∈ Z≥0.
Note that limq→1 F
(h,r)
q (x, t) = (
2
et+1 )
rext =
∑∞
n=0E
(r)
n (x)
tn
n! .
By (1.2), we get
F (h,r)q (t, x) = [2]
r
q
∞∑
m=0
(
m+ r − 1
m
)
q
(−qh−r+1)me[m+x]qt, (see [6], [8]), (1.3)
Key words and phrases. multiple q−Euler zeta function, (h, q)−extension of higher-order Euler
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where
(
x
m
)
q
=
[x]q[x−1]q[x−2]q···[x−m+1]q
[m]q !
.
From (1.3), we can derive the following equation:
E(h,r)n,q (x) =
[2]rq
(1− q)n
n∑
l=0
(
n
l
)
(−qx)l
(−qh−r+l+1 : q) r
=[2]rq
∞∑
m=0
(
m+ r − 1
m
)
q
(−qh−r+1)m[m+ x]nq , (see [6]),
(1.4)
where (x : q)n = (1− x)(1 − xq) · · · (1− xq
n−1).
In [6] and [8], the second author constructed the multiple q−Euler zeta function which in-
terpolates the (h, q)− extension of higher-order Euler polynomials at negative integers as
follows :
ζ(h)q,r (s, x) =
1
Γ(s)
∫ ∞
0
F (h,r)q (x, t)t
s−1dt
=[2]rq
∞∑
m1,··· ,mr=0
(−1)m1+···+mrq
∑
r
j=1(h−j+1)mj
[m1 + · · ·+mr + x]sq
, (see [6]),
(1.5)
where h, s ∈ C, x ∈ R with x 6= 0,−1,−2, · · ·.
From (1.5), we have
ζ(h)q,r (s, x) = [2]
r
q
∞∑
m=0
(
m+ r − 1
m
)
q
(−qh−j+1)m
1
[m+ x]sq
. (1.6)
Using the Cauchy residue theorem and Laureut series in (1.5), we obtain the following
lemma.
Lemma 1.1. For n ∈ Z≥0 and h ∈ Z, we have
ζ(h)q,r (−n, x) = E
(h,r)
n,q (x), (see [6], [8]).
In [7], the second author introduced many identities of symmetry for Euler and Bernoulli
polynomials which are derived from the p-adic integral expression of the generating function
and suggested an open problem about finding identities of symmetry for the Carlitz’s type
q-Euler numbers and polynomials.
When x = 0, E
(h,r)
n,q = E
(h,r)
n,q (0) are called the (h, q)-Euler numbers of order r.
From (1.3) and (1.4), we can derive the following equation :
E(h,r)n,q (x) = (q
xE(h,r)q + [x]q)
n =
n∑
l=0
(
n
l
)
qlxE
(h,r)
l,q [x]
n−l
q , (1.7)
with the usual convention about replacing (E
(h,r)
q )n by E
(h,r)
n,q .
Recently, Y. Simsek introduced recurrence symmetric identities for (h, q)-Euler polynomials
and alternating sums of powers of consecutive (h, q)- integers (see [16]).
In this paper, we investigate some symmetric properties of the multiple q-Euler zeta function.
From our investigation, we give some new identities of symmetry for the (h, q)-extension of
higher-order Euler polynomials, which is an answer to a part of open question in [7].
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2. Identities for (h, q)−extension of higher-order Euler Polynomials
In this section, we assume that h ∈ Z and a, b ∈ N with a ≡ 1(mod 2) and b ≡ 1(mod 2).
Now, we observe that
1
[2]rqa
ζ
(h)
qa,r
(
s, bx+
b(j1 + · · ·+ jr)
a
)
=
∞∑
m1,···,mr=0
(−1)m1+···+mrqa
∑r
j=1(h−j+1)mj
[m1 + · · ·+mr + bx+
b(j1+···+jr)
a
]sqa
= [a]sq
∞∑
m1,···,mr=0
qa
∑r
j=1(h−j+1)mj (−1)m1+···+mr
[b
∑r
l=1 jl + abx+ a
∑r
l=1 ml]
s
q
= [a]sq
∞∑
m1,···,mr=0
b−1∑
i1,···,ir=0
(−1)
∑
r
l=1(il+bml)qa
∑r
j=1(h−j+1)(ij+mjb)
[ab(x+
∑r
l=1ml) + b
∑r
l=1 jl + a
∑r
l=1 il]
s
q
.
(2.1)
Thus, by (2.1), we get
[b]sq
[2]rqa
a−1∑
j1,···,jr=0
(−1)
∑
r
l=1 jlqb
∑
r
l=1(h−l+1)jlζ
(h)
qa,r
(
s, bx+
b(j1 + · · · + jr)
a
)
=[a]sq[b]
s
q
a−1∑
j1,···,jr=0
b−1∑
i1,···,ir=0
∞∑
m1,···,mr=0
(−1)
∑
r
l=1(il+jl+ml)qa
∑
r
l=1(h−l+1)il+b
∑
r
l=1(h−l+1)jl
[ab(x+
∑r
l=1ml) +
∑r
l=1(bjl + ail)]
s
q
× qab
∑
r
l=1 ml .
(2.2)
By the same method as (2.2), we see that
[a]sq
[2]r
qb
b−1∑
j1,···,jr=0
(−1)
∑
r
l=1 jlqa
∑
r
l=1(h−l+1)jlζ
(h)
qb,r
(
s, ax+
a(j1 + · · · + jr)
b
)
=[b]sq[a]
s
q
b−1∑
j1,···,jr=0
a−1∑
i1,···,ir=0
∞∑
m1,···,mr=0
(−1)
∑
r
l=1(il+jl+ml)qa
∑
r
l=1(h−l+1)jl+b
∑
r
l=1(h−l+1)il
[ab(x+
∑r
l=1ml) +
∑r
l=1(bil + ajl)]
s
q
× qab
∑
r
l=1 ml .
(2.3)
Therefore, by(2.2) and (2.3), we obtain the following theorem.
Theorem 2.1. For a, b ∈ N, with a ≡ 1(mod 2) and b ≡ 1(mod 2), we have
[2]rqb [b]
s
q
a−1∑
j1,···,jr=0
(−1)j1+···+jrqb
∑r
l=1(h−l+1)jlζ
(h)
qa,r
(
s, bx+
b(j1 + · · ·+ jr)
a
)
= [2]rqa [a]
s
q
b−1∑
j1,···,jr=0
(−1)j1+···+jrqa
∑
r
l=1(h−l+1)jlζ
(h)
qb,r
(
s, ax+
a(j1 + · · ·+ jr)
b
)
.
From Lemma 1.1 and Theorem 2.1, we can derive the following theorem.
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Theorem 2.2. For n ∈ Z≥0 and a, b ∈ N, with a ≡ 1(mod 2) and b ≡ 1(mod 2), we have
[2]rqb [a]
n
q
a−1∑
j1,···,jr=0
(−1)j1+···+jrqb
∑r
l=1(h−l+1)jlE
(h,r)
n,qa
(
bx+
b(j1 + · · ·+ jr)
a
)
= [2]rqa [b]
n
q
b−1∑
j1,···,jr=0
(−1)j1+···+jrqa
∑
r
l=1(h−l+1)jlE
(h,r)
n,qb
(
ax+
a(j1 + · · ·+ jr)
b
)
.
By (1.4), we easily see that
E(h,k)n,q (x+ y) = (q
x+yE(h,k)q + [x+ y]q)
n = (qx+yE(h,k)q + q
x[y]q + [x]q)
n
=
(
qx(qyE(h,k)q + [y]q) + [x]q
)n
=
n∑
i=0
(
n
i
)
qixE
(h,k)
i,q (y)[x]
n−i
q .
(2.4)
Therefore, by (2.4), we obtain the following proposition.
Proposition 2.3. For n ≥ 0, we have
E(h,k)n,q (x+ y) =
n∑
i=0
(
n
i
)
qixE
(h,k)
i,q (y)[x]
n−i
q =
n∑
i=0
(
n
i
)
q(n−i)xE
(h,k)
n−i,q(y)[x]
i
q.
From Proposition2.3, we note that
a−1∑
j1,···,jr=0
(−1)j1+···+jrqb
∑
r
l=1(h−l+1)jlE
(h,r)
n,qa
(
bx+
b(j1 + · · ·+ jr)
a
)
=
a−1∑
j1,···,jr=0
(−1)j1+···+jrqb
∑
r
l=1(h−l+1)jl
n∑
i=0
(
n
i
)
q
ia
(
b(j1+···+jr)
a
)
E
(h,r)
i,qa (bx)
×
[
b(j1 + · · ·+ jr)
a
]n−i
qa
=
a−1∑
j1,···,jr=0
(−1)j1+···+jrqb
∑r
l=1(h−l+1)jl
n∑
i=0
(
n
i
)
q(n−i)b(j1+···+jr)E
(h,r)
n−i,qa (bx)
×
[
b(j1 + · · ·+ jr)
a
]i
qa
=
n∑
i=0
(
n
i
)(
[b]q
[a]q
)i
E
(h,r)
n−i,qa(bx)
a−1∑
j1,··· jr=0
(−1)j1+···+jrqb
∑r
l=1(h+n−l−i+1)jl [j1 + · · ·+ jr]
i
qb
=
n∑
i=0
(
n
i
)(
[b]q
[a]q
)i
E
(h,r)
n−i,qa(bx)S
(h,r)
n,i,qb
(a),
(2.5)
where S
(h,r)
n,i,q (a) =
a−1∑
j1,··· jr=0
(−1)j1+···+jrq
∑
r
l=1(h+n−l−i+1)jl [j1 + · · ·+ jr]
i
q . (2.6)
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By (2.5), we get
[2]rqb [a]
n
q
a−1∑
j1,···,jr=0
(−1)j1+···+jrqb
∑
r
l=1(h−l+1)jlE
(h.r)
n,qa
(
bx+
b(j1 + · · ·+ jr)
a
)
= [2]rqb
n∑
i=0
(
n
i
)
[a]n−iq [b]
i
qE
(h,r)
n−i,qa(bx)S
(h,r)
n,i,qb
(a).
(2.7)
By the same method as (2.7), we see that
[2]rqa [b]
n
q
b−1∑
j1,··· jr=0
(−1)j1+···+jlqa
∑
r
l=1(h−l+1)jlE
(h,r)
n,qb
(
ax+
a(j1 + · · ·+ jr)
b
)
= [2]rqa
n∑
i=0
(
n
i
)
[b]n−iq [a]
i
qE
(h,r)
n−i,qb
(ax)S
(h,r)
n,i,qa (b).
(2.8)
Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.4. For a, b ∈ N with a ≡ 1(mod 2) and b ≡ 1(mod 2), n ∈ Z≥0,
let
S
(h,r)
n,i,q (a) =
a−1∑
j1,···,jr=0
(−1)j1+···+jrq
∑r
l=1(h+n−l−i+1)jl [j1 + · · ·+ jr]
i
q.
Then we have
[2]rqb
n∑
i=0
(
n
i
)
[a]n−iq [b]
i
qE
(h,r)
n−i,qa(bx)S
(h,r)
n,i,qb
(a) = [2]rqa
n∑
i=0
(
n
i
)
[b]n−iq [a]
i
qE
(h,r)
n−i,qb
(ax)S
(h,r)
n,i,qa(b).
It is not difficult to show that
[x+ y +m]q(u+ v)− [x]qv = [x]qu+ q
x[y +m]q(u+ v). (2.9)
From (2.9), we note that
e[x]qu
∞∑
m1,···,mr=0
q
∑r
j=1(h−j+1)mj (−1)
∑r
j=1mje[m1+···+mr+y]qq
x(u+v)
= e−[x]qv
∞∑
m1,···,mr=0
q
∑r
j=1(h−j+1)mj (−1)
∑r
j=1mje[x+y+m1+···+mr]q(u+v).
(2.10)
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The left hand side of (2.10) multiplied by [2]rq is given by
[2]rqe
[x]qu
∞∑
m1,···,mr=0
q
∑r
j=1(h−j+1)mj (−1)
∑r
j=1mje[m1+···+mr+y]qq
x(u+v)
= e[x]qu
∞∑
n=0
qnxE(h,r)n,q (y)
1
n!
(u+ v)n
=
(
∞∑
l=0
[x]lq
ul
l!
)(
∞∑
n=0
qnxE(h,r)n,q (y)
n∑
k=0
uk
k!(n− k)!
vn−k
)
=
(
∞∑
l=0
[x]lq
ul
l!
)(
∞∑
k=0
∞∑
n=0
q(n+k)xE
(h,r)
n+k,q(y)
uk
k!
vn
n!
)
=
∞∑
m=0
∞∑
n=0
(
m∑
k=0
(
m
k
)
q(n+k)xE
(h,r)
n+k,q(y)[x]
m−k
q
)
um
m!
vn
n!
(2.11)
The right hand side of (2.10) multiplied by [2]rq is given by
[2]rqe
−[x]qv
∞∑
m1,···,mr=0
q
∑r
j=1(h−j+1)mj (−1)
∑r
j=1mje[x+y+m1+···+mr]q(u+v)
= e−[x]qv
∞∑
n=0
E(h,r)n,q (x+ y)
1
n!
(u+ v)n
=
(
∞∑
l=0
(−[x]q)
l
l!
vl
)(
∞∑
m=0
∞∑
k=0
E
(h,r)
m+k,q(x+ y)
um
m!
vk
k!
)
=
∞∑
n=0
∞∑
m=0
(
n∑
k=0
(
n
k
)
E
(h,r)
m+k,q(x+ y)(−[x]q)
n−k
)
um
m!
vn
n!
=
∞∑
n=0
∞∑
m=0
(
n∑
k=0
(
n
k
)
E
(h,r)
m+k,q(x+ y)q
(n−k)x[−x]n−kq
)
um
m!
vn
n!
.
(2.12)
Therefore, by (2.10), (2.11) and (2.12), we obtain the following theorem.
Theorem 2.5. For m,n ≥ 0, we have
m∑
k=0
(
m
k
)
q(n+k)xE
(h,r)
n+k,q(y)[x]
m−k
q =
n∑
k=0
(
n
k
)
E
(h,r)
m+k,q(x+ y)q
(n−k)x[−x]n−kq .
Remark. Recently, several authors have studied (h, q)−extension of Bernoulli and Euler
polynomials (see[1]-[5], [9]-[17]).
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